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ABSTRACT

In this paper the existence of positive solutions for a class of p-Laplacian boundary value system is studied. In recent years,
boundary value problem have received a lot of attention. The fixed point theorems in cones is our main tools to prove the
existence of solutions. | provide sufficient conditions under which these systems has positive solutions. | establish some
propositions to prove the existence of positive solutions for these equation.
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INTRODUCTION

In this paper, we prove the existence of positive solutions
for the following system,

{(Q)p(u,) ) + f(tu,v) =0

’ 1
@,0)) +gtuv) =0 (1)

{u(O) =Yimaqu(§) =0 {U(O) =Yisyviv(€) =0
u() =3, puE) =0 Ww@) =3, 0v() =0
Where
¢p(5) =[sP™%s, p>1, ¢g= ()"
! + ! 1 &e(0,1)
—+-=1, :€(0,
p q
with 0<é <é& < <§, <1
Hy) ay, B, vi,0;€[0,+) and
0< a;, ,Bi, Yi, ai<1v
EDYDAD)

f.9 € €([0,1] x [0, +) X [0, +c0), (=00, +0))

f(,0,0), g(t,00)=0, f(t,0,0), g(t00) 0.
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In recent years, BVP have received a lot of attention. There
are many papers concerned with the p-Laplacian equations.
For example (Liang & Zhang, 2009; Pang, Lian, & Ge, 2007,
Sun & Ge, 2007) have studied the existence of positive
solutions for some boundary value problems. (Harjani,
Lépez, & Sadarangani, 2011) have studied the fixed point
theorems in metric spaces. The existence of multiple positive
solutions to the boundary value problem was studied by (Ji,
Feng, & Ge, 2008).

{ (0,w)) +q@®)f(t,w) =0, t € (0,1)
u(0) = Xi; aqu(§), u(l) = X, Biu(éy)

DEFINITIONS

Definition (1) Let (X, ]|.]|) be a real Banach space and a
non-empty, closed, convex C subset of X is called a Cone
of X, If it satisfies the following conditions: i) If x € C and
A= 0 implies that Ax € C. ii) If x € C and —x € C implies
that x = 0. Every cone C subset of X includes an ordering
in X whichisgivenby x <y ifandonlyif y —x € C.

Definition (2) A map Y:P — [0,+) is called
nonnegative continuous concave functional provided i is
nonnegative, continuous and satisfies Y (tx + (1 —t)y) =
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tYyx)+ 1 -t)yYly) for all x,yeP and te]01].
Similarly, we say the map S is a nonnegative continuous
convex functional on a cone P of X B:P — [0,4+) is
continuous and B(tx+ (1 —-t)y) =tBx)+ (1 —-t) B(y)
forall x,y e Pand t € [0, 1].

Definition (3). An operator is called completely continuous
if it be continuous and maps bounded sets into pre-compact
sets. The main tool of this paper is the following lemma,

Lemma (4) (Lan, 2001) Let B be an open bounded subset
of X with By =BNK # @. Assume that T: B, — K is
completely continuous operator such that Tx =+ x for
X € 0By, , then the following results hold:

i) If ||Tx|| < ||lx|| for x € 00, then iy, (T,B,) =1

i) If there exists a € K\{0} such that x # Tx + Aa for
u € 0By, then i, (T,B,) =0

iii) Let U be open in X such that U c By, . If i, (T,B;) =1
and i, (T,U) = 0, then T has a fixed point in B\ U,. The
same result holds if i, (T, B,) = 0 and i, (T,U,) =1.

PRELIMINARIES AND LEMMAS

Let E = ¢[0,1] x ¢[0,1]. Then E is a Banach space with
the norm [|(u, VI = llull + |Vl where
[lull = maxy<.<q |u(t)|. Define the cone K subset of E by
K ={(u,v) € E|u,v are concaves on [0,1],u(t) = 0,v(t) >t}

In the rest of this paper we assume that H, , H; hold.

Lemma (5) (Ji et al., 2008) Suppose h(t, m(t),n(t)) > 0,
for m(t) = 0,n(t) = 0, then for m,n € C*[0,1], the problem

<¢§ (u')) + h(t,m(t),n(t)) = 0,t € (0,1)
P (2

u(0) = XLy agu(§y), u(l) = XiL, Bu(é)
Has a solution
u(t) = L[ bq(Myyn — fh(r,m(r),n(r))dr)ds

0
N

+f¢q (Mm,n —fh(T,m(T),n(T))dr)ds
0 0
Where M,,, satisfies

N

1ﬂl)f ¢q(an _fh(T,m(r),n(r))dr)ds

0

n
i= lal

1_L1l

+ f ¢q (Mm,n - h(T, m(r), n(T'))dT')dS

0
i

Lk

=D 5[ B

—fh(r,m(r),n(r))dr)ds =0
0

3)
Then there exists a unique M,, ,, € (0, fol h(t,m(t),n(t))dt)
satisfying (3). This implies that there is a unique A such that
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A

My, = fh(t,m(t),n(t))dt)

0
Proof. We define for h(t, m(t),n(t)) > 0

S (1 - S0 B)
T fqbq(l

Nm,n (l) =
s

—fh(r,m(r),n(r))dr)ds+f¢q {
0

0
s

— f h(r, m(r), n(r))dr)ds
0

I f R, m(),n(r))dr)ds
0

Zl 1a (1 1ﬁ1
1- l
= s Zﬁ

fcpq(l fh(r m(r),n(r))dr)ds + frpq(l

— j h(r, m(r), n(r))dr)ds

0
We see that N,,,:R — R is continuous and increasing.

Then Ny, ,(0) <0 and Ny, (J; h(r, m(r), n(r))dr) > 0 and
there exists a lE(O,folh(t,m(t),n(t))dt) Such that
Npn(D) = 0. Thus there exists A such that M, , =
fOA h(r, m(),n(r))dr.

Lemma(6) (Ji et al, 2008) Suppose that

h(r,m(r),n(r)) > 0 for m,n € C*[0,1]. Then the solution
of BVP (2) can also be expressed,

u(t) = - Z’nlﬁ‘f g (N — fosh(r,m(r),n(r))dr)ds -
ft Gg (N — [ h(r,m(@), n(r))dr)ds, 4)

Where N,,, ,, satisfies

Y N
T f¢q(Nmn

N

—jh(r,m(r),n(r))dr)ds+f¢q (Nmn
0

0
s

— j h(r, m(r), n(r))dr)ds

- Z:: a; f¢q(Nm,n

(=]

i
—fh(r,m(r),n(r))dr)ds =0
’ ©)
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Then there exists a unique
Npn € (O, f01 h(t, m(t), n(t))dt) satisfying (5). This implies
that there is a unique A’€ (0,1) such that N, =
fOA'h(r,m(r),n(r))dr) )

Lemma (7) (Ji et al., 2008) If h(r,m(r),n(r)) >0 for
m,n € C*[0,1]. Then the solution u(t) of (2) has the
following properties,

i) u(t) is concave on (0,1) and u(t) = 0,

ii) there exists a unique t, € (0,1) such that u(0) =
maXg<.<q (L), u'(tn) =0,

iiyA=A'=¢t,.

Lemma (8) (Wang & Zhang, 2006) Let u(t) = 0,u is
concave on [0,1], n € (0,%) then w(t) = nllull, t€[n 1 -
n]. We define ¢(t) = min {t,1 — t},t € (0,1),

nminfn 26 (=) dsn 7" ¢ (s - 2) s} - Sy
J, bq(1 = s)ds

wminfn f: ¢ (5= s)dsn i7" g0 (=) as 1 - Zam)
Jy ¢q(1—s)ds

k, = {(w,v) € K| [(w,v)|l < p}

k*p ={(w,v) € K| po(t) <u(t) +v(t) < p}

V1=

Y2

0, = {(u, v) € K| min (u(t) + (D) < yp}
nstsi-n

9, = f@n e Kyl s min @@+ v©) <o}

Lemma (9) Suppose €, has the following properties (Lan,
2001),
i) Q, is open relative to K,
i) ky, € Q, ck,,
iii) (u,v) € 39, ifand only if
min (u(t) + v(t)) yp

11< <1-—
iv)If (u,v) € 0Q, then
ypSu(t)+v(t) <pforn<t<1l-n.
Now, we define,

ol
Gy,r = min {gi?f’;) t€n1—nluc€y,rr] }
foyr = max {fg;?r';) t €[0,1],u € [p(O)r,7] }
Jowyr = max {gét;?r,)v) t €[0,1],u € [p(O)r,7] }

fg = max {f—(t' LA

$p (1)

€ [0,1],u € [0, r]}
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r

{g(t,u, V)
gh =max{——

$p (1)

t €[0,1],u € [0, r]}

£ = lim max{f (tpulv) (t,v) € [0,1] xR+}
—mmax{f(t””) (t,v) € [0,1] xR+}
—mmax{g(;””) G u)e[Ol]xR+}
—mmax{g(;””) G u)e[Ol]xR+}
_ngllmm{ " )|(t v) € [0,1] xR+}
g = limmin { (tuv)|(t w) € [0,1] xR+}

MAIN RESULT

Theorem (10) Suppose that H; hold and f, g satisfy the
following conditions:
H,) There exist r;,1,,13 € (0,4) and 2r; < yr, <1, <

213 such that
i) f(t,u,v) >0,g9(uv)>0,te[01],u,v € [re(t), x)
i) foiom < Op(m), fy7, > dp(My),

Iiom < Gp(m), gy, > ¢p(My)

fotors < oM, g5y, < p(m)
H3)There exists r;,7,,13 € (0,+0)and r, < 1, <1, < yr1y
such that
inf(t,u,v) > 090, uv)>0te0,1]

u,v € [min{yr,, r,0(t)}, ®);

i > dp(MY), 200 < $p(m), £ = dp(My),
Gyre > Gp(MY), g, < bp, (M), gyt 2 ¢, (My),

Then system (1.1) has two positive solutions in K.

iv)

Proof. Suppose H, holds. We define

_ B ft,u,v),u=rel),41)
fltwv) = {f(t, re(),v(t),0<u< rﬂp(t)}
(6)
— _ g(t, u, U),U, 2 7"1‘/’(0
gtwv) = {g(t, u, rl(p(t)), 0<u< rl(p(t)}
So f(t,u,v) € €([0,1] X [0, +00) X (0, +00), (0, +0)),
g(t,u,v) € €([0,1] x [0, +) X (0,+), (0, +))
1JFPS
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We define an operator

T:K - E,T(w,v) = (T;(w, v), T, (u, v))

(Mww»)® =

(2?:1 a; [ pq (f:“ fruwv)dryds
1=,
i Bi f;ll ¢q(f;u frup))dr)ds
1-X%, Bi

+ fot gbq(f:“f(r, u,v))dr)ds,0 <t < O'u\

+ ftl d)ql(f;u f(r,u,v))dr)ds,o, <t < 1}

)
(T2, ))(®) =
Sy [ e glrow v))dryds

1-Y
| Y1 0; f;l (/)q(f:” g(r,u,v))dr)ds
{ 1-X.B

t o,
+J; (/)q(fs gr,u,v))dr)ds,0 <t < J,,l

1 s
+£ q’)q(ng(r,u,v))dr)ds,av <t< 1)|

Then T:K — K is completely continuous. We know that

forany (u,v) € K:

~@ (@) O = Geuormzo reon
-y (T2, v))) (®) = (§(tu(®), v()) 2 0

(1w )(© = Zal(n(u ), (T m)(1) = Z"l(Tl(“ )&

(8)

From lemma 7, (T(w,v))(t) = (Ty(w,v), To(u, v))(6) is
concave on [0,1], for (u,v) € K. Then TK c K. The proof of
T is completely continuous is similar to that (Ma, Du, & Ge,
2005). Consider modified problem:

<¢p(u’)> + ft,u,v) =0
|K<¢ ,,(v')> + G(t,uv) =0

?=1 aiu(fi)!

{U(O) =
i=1 Biu(€),

v(1) = Xis, 0;v(&)

By condition H, (ii) we conclude

= viv(&) {U(O) =
u(l) =

f?prét)rl < ¢p(m)' ;/?;22 > d)p(MY):
=71 =2

Joityr < ¢p(m) 9yr, = ¢p(MV):

f(p(t)r3 — ¢p(m) g_;3(t)r3 — ¢p(m)’

By (H,) we prove that iy (T, k5, ) = 1. For (u,v) € 0k,
from (7) and £ o < $p(m), we conclude

Copyright © 2014 Fund Jour.

(T, ))(©) = Zn(rxu, )0, (T, )(1) = Z (T )G,

o [ g ([ F(r,u v))dr)ds

1=,

(T1 (u, v)) ) <

w [ oul[ R mans <

na; fol bq (fsl f(r,u,v))dr)ds

n
1-— i=1 a;

1 1
+f ¢q(f f(r,u,v))dr)ds
_ fol Pq (fsl f(r,u,v))dr)ds

1-2ia
1
1-s)d
< mrllji;’f( a‘S) S =7 = ||(uv)|| S0 ||T1(u 17)” < vl ”(uv)" =p,
i=1%1
similarly, we obtain ||T, (u, v)|| < —— ”(W)” then

”T(ul U)” < ”(ul v)”l (ul U) € 6K*2T1'

From lemma (4) (i) this implies that i (T,K*;,) = 1.
Now, we show that i, (T, €,,) = 0 suppose that a € dk, and
la(Il = lI(a. (), a, ()]l = 1,t € [0,1]. We prove that

(w,v) # T(w,v) + da(t), (w,v)edQ,,, A = 0.

Otherwise, there exists (ug, v9)€0Q,,, Ao = 0 Such that
(U, Vo) = T(ug, vo) + Aoa, i.e.
(ug, vo) = (T1(ug, vo) + Aoay, T, (ug, vo) + A9az),
SO we haVE uo(t) = T1 (uo, UO) + /10(11 (t), (4.3).
We consider two cases:

i) o, < ;; from (7) and lemma (7), for t € [n,1—n] , we

have,
lluo (Ol = IITy (uo, vo) () + A0y (D =
NITy (uo, vo) (O + 49 =

1y, a7 (ru0(r), vo(r)dr)ds + 2,
>7 fg_n bq (f; F(r,ue(), vo())dr)ds + 1o > >
1L Ba( By )by (MY b (s = Do
1-n 1
=nr,Myn ) ®q (s _§> ds+2y = yr, + 4

so we conclude that yr, > yr, + A,.
ii) 0, 2 %: from (8) and lemma (8), for t € [n,1 —n], we

have,
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o (DIl = 1Ty (o, vo) (£) + Agay (O = 1ITy (g, vo) ()l +
Ao 20 [ g Frue(), vo(r))dr)ds + g =

0 JZ 8o (S F(r,uo(r), vo(r))dr)ds + g
> 1 [ g (f2 F(ruo(r), vo(r))dr)ds + 24

1
- 1
> r,Myn fnz PG —S)ds + Ao 2 yry + A9

REFERENCES

Harjani, J., Lopez, B., & Sadarangani, K. (2011). Fixed point
theorems for weakly C-contractive mappings in ordered
metric  spaces. Computers & Mathematics with
Applications, 61(4), 790-796.

Ji, D., Feng, M., & Ge, W. (2008). Multiple positive
solutions for multipoint boundary value problems with sign
changing nonlinearity.  Applied Mathematics and
Computation, 196(2), 511-520.

Lan, K. (2001). Multiple positive solutions of semilinear
differential equations with singularities. Journal of the
London Mathematical Society, 63(3), 690-704.

Liang, S., & Zhang, J. (2009). The existence of countably
many positive solutions for some nonlinear three-point
boundary problems on the half-line. Nonlinear Analysis:
Theory, Methods & Applications, 70(9), 3127-3139.

Copyright © 2014 Fund Jour.

this implies that yr, > yr, + 4,. From these two cases we
conclude yr, > yr, + A, which is a contradiction. Then from
lemma (4) (ii), we implies that i (T, Q,,) = 0. Similarly we
can prove that i,(T,K*5,) = 1. Lemma (4) implies that the
problem (8) has three positive solutions such that (u,,v,) €
K* 3, (U, v2) € Q, \ K3, (U3, v3) € K*5,., Itis clear that
these solutions belong to [2r,¢(t),+) and satisfy the
system (1).

Ma, D.-X., Du, Z.-J., & Ge, W.-G. (2005). Existence and
iteration of monotone positive solutions for multipoint
boundary value problem with p-Laplacian operator.
Computers & Mathematics with Applications, 50(5), 729-
739.

Pang, H., Lian, H., & Ge, W. (2007). Multiple positive
solutions for second-order four-point boundary value
problem. Computers & Mathematics with Applications,
54(9), 1267-1275.

Sun, B., & Ge, W. (2007). Existence and iteration of positive
solutions for some p-Laplacian boundary value problems.
Nonlinear Analysis: Theory, Methods & Applications,
67(6), 1820-1830.

Wang, Z., & Zhang, J. (2006). Positive solutions for one-
dimensional p-Laplacian boundary value problems with
dependence on the first order derivative. Journal of
Mathematical Analysis and Applications, 314(2), 618-630.

1JFPS

140



